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Abstract 

_ . In this paper we present a Hamiltonian formulation of multisym- 

plectic type of an invariant variational problem on smooth submanifold 
XJ^ ■ of dimension p in a smooth manifold of dimension n with p < n. 

Introduction 

Let A4 be a smooth manifold of dimension n and J\f be an oriented 
smooth submanifold of dimension p in T X M, for x G M. We study the case 
n = 3 and p = 2 in details and consider generalizations. Let £ be an oriented 
surface in M, in each M G EJ, denote by P the tangent plane. We define the 
Grassmannian as the set of all these elements. We define the 2-form areolar 
action £ homogenous of degree zero in y and we denote by L a lagrangian 
homogenous of degree one in y such that ^~ = I. For some basis {u\,U2) of 
P, and (0 , 2 ) the dual basis, we define the action 

£(£) := / L(x,U! Au 2 )#! A 2 , 



s 

We use notions of mechanics and we construct the multisymplectic type 
of Hamiltonnian formulation. We prove that this description is conserved 
by graphs by comparison with the presentation of Cartan in |3j. Finally we 
study this for n > 3 and p < n. 

1 The case presented by Cartan: a surface E in a 
smooth manifold M. of dimension 3 

Let M be a smooth manifold of dimension 3. We define the Grassmannian 
bundle of planes in TAi by: 

Gr 2 M := {(x, E)\x G M, E oriented planed in T X M} 

Definition 1.1. Assume that A 2 T X M := (A 2 T*M)* and A 2 TM = \J xeM A 2 T X M. 
Let u u u 2 G T X M. We define u x A u 2 G A 2 T X M by: Va, G T*M 

(a A /3)(ni A U2) ■= a A /3(tti, 1*2) = a(«i)/3(«2) — a(u2)/?(^i)- 



1 _B is called "element" by Cartan. 
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We denote by ttq^m ■ Gr 2 M — y M. the canonical projection. Let 
x = (x 1 , x 2 , x 3 ) be a local coordinates on A4 and (g^r, 7^5) a basis of 
T X A4, so a basis of A 2 T Z A^ is given by 

/ d d d d d ^ d \ 
\dx l dx 2 ' dx 2 <9x 3 '9x 3 dx 1 J 

Let (tii j 1*2) be a direct basis of E 1 , and (x , x 2 , x 3 ; y 12 , y 23 , y 31 ) the coor- 
dinates on A 2 TAi where y 12 ,y 23 , y 31 are the coordinates representing E. 
Then, we have 

u := ui A u 2 = y 12 ^ A — ^ + y 23 ^ A — -3 + y — ^ A — - 
ax 1 ax z ax z ax 13 ox 6 ox L 

Remark 1.2. We consider the 3-form w := dx 1 A dx 2 A dx 3 . We have: 

1. The kernel of U-iu is the plane E. 

2. Gr 2 M ~ (A 2 T X X \ {0})/K*+. 

We deduce that the homogeneous coordinates on the Grassmannian bun- 
dle over M. are (x;y) := (x^x^x 3 ; [y 12 : y 23 : y 31 ]) 

Gr 2 M := {(x;y)|x = (x\x 2 ,x 3 ) G M and E = y = [y 12 : y 23 : y 31 ]}, 

Definition 1.3. Let .M be a differential manifold and n € N, we say that a 
(n + l)-form in .M is multisymplectic if we have 

1. is nondegenerate, that is, VM £ .M, V£ € TmM, if £ -i fijif = 0, 
then £ = 0). 

2. Q is closed, (ifi = 0. 

Any manifold A4 equiped with a multisymplectic form $7 is called a multi- 
symplectic manifold. 

Definition 1.4. The (n + l)-form $7 is called pre-multisymplectic 

form if it's closed. A differential manifold A4 equiped of O is called pre- 
multisymplectique manifold. 

1.1 Lagrangian formulation 

Definition 1.5. A 2-form areolar action is a 2-form t on Gr 2 A4, which can 
be written 

£(x,y) := £i 2 (x,y)dx 1 A dx 2 + l 2 z{x,y)dx 2 A dx 3 + £ 3 i(x,y)dx 3 A dx 1 . 

where £i2(x,y),£23(x,y) and ^31 (x, y) are homogeneous of degree in y over 
]0,+oo[. 
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Definition 1.6. We define a homogeneous Lagrangian L : A 2 TA4 R as 
a continuous function of A 2 TA4, such that 

1. L is of class C 1 over A 2 TA4 \ do where <ro is the zero section. 

2. L is homogeneous of degree 1 in y over ]0, +oo[. 

Remark 1.7. If u±,U2 are two vectors of the element E x then L{x,u\ A112) 
represent "the infinitesimal area" of the parallelepiped formed by u\ and U2- 

Denote by £ an oriented surface in .M, let (141,142) be a moving basis on 
£ and (#i,#2) its dual basis, we define 

£(£) := y L(x,ui An 2 )^i A6> 2 , (1) 

Thus, by Euler formula, we have 

BT 

a</3 y a</3 

Where 




So 



(d \ dL dL dL 

dx a A dx@ ® - — -s )_i dL = —— 7 rdx 1 Adx 2 +—^dx 2 Adx 3 +—TTdx 3 Adx 1 . 
oy a P J dy lz dy 16 dy dl 



We deduce that the inner product by 2^ a </3 (dx a A dx^ <8> g~^ff j is the 
ical operator of (A 2 T X M)* -> A 2 T*M and 



canon- 



1 = 

a</3 

with condition + y^ a = 0. 

Definition 1.8. A surface S is called a critical point of C, if and only if, for 
all compact K C A4, iTnXisa critical point of 



Ck<P) := I I 
2 



where, TS = {(x,T x S) G Gr 2 .M;x 6 £}. 
The action ([I]) given, 



£(S) := / £ = / V ( A dx p ® ] — 1 dL. 

7ts iTs^iV ^y a/3 y 
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1.2 Hamiltonian formulation (multisymplectic) 

We write the Legendre transform function by 
A 2 TM — ► A 2 T*M 

(x,y) i — > (x, ^-(x,y)) , 



dy 

where ^(x,y) = (^-^^(x,yfj . We consider a Hamiltonian function by 
H{x,P) = Y J P<*py afi - L(x,y), 

a</3 

where y is a solution of ^(x,y) = p a p. Then, by Euler formula, we have 

L ( x ^) = Q^^ x ^)y al3 = J2 p ^y afS where p ^ = ( s >f)' 

y a</3 U 

so the Hamiltonian % vanishes. 

Definition 1.9. We say that the Lagrangian L is nondegenerate if it's of 
class C 2 over A 2 TM \ {ao} and g f^J^/ > out of oq. In particular L 2 is 
then a function stricly convexe. 

Lemma 1.10. If the Lagrangian L is nondegenerate, then, 
rank { dyaPdyCp ) = 1 +rank(Hess(L)). 

Proof. The Lagrangian L is class C 1 over A 2 T X M, and class C°° over A 2 T X M\ 
{o~q}, thus 1? is homogeneous of degree 2 and of class A 2 T X M and of class 
C°° over A 2 T X M \ {o~q}. For L is nondegenerate, this leads to the convexity. 

It's easy to check that f^(0) = 0. Note T y S x = ker (^(S*)) , if (ei, e 2 ) 
is a basis of T y S x and e% = y = y a 'P' ^ afj , we denote by (z 1 , z 2 , z 3 ) the co- 
ordinates in basis (e±, e2,es), we have Jp- = = 0. More d (^p^j (e%) = 
y a>fi '^rw (ap?) = dy S^p' y° fP ' = b y homogeneity, which results in 
the coordinates z a by d ^g za =0 Va = 1, 2, 3. Thus if we compute ^f^aV 
out of (To- we find 

™"K^L« 3 =i+rankd (S) ir » s <2) 

In particular L is nondegenerate if and only if rank d \TyS x = 2, so 

^ js^ is an immersion S x . □ 
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Proposition 1.11. We consider the Lagrangian L : A 2 TM — >■ R is of class 

C k , k > 2. We have the following statement: 

If L is nondegenerate, then, the image of the Legendre transform, 

N := {(x,p) G A 2 T*M/ Pa p = $p(x, y), is a regular convexe hypersurface 

mA 2 T*M. 

Proof. For x in A4, we define by 

dL 

M x = {pe A 2 TZM/ Pa p = g^(x,y),y G A 2 TM}. 

First we show that M x is a surface in A 2 T*M., to simplify notations, we 
denote L(x,y) = L(y). Note 

S x :={yeA 2 T x M\L 2 (y) = l} 

S x is a submanifold embedding, in fact, Vy G S we have y a/3 -^^(y) = L(y) = 
1^0=$> d(L 2 ) y ^ 0. 

We know that ^r(Ay) = ^(y) thus the image of A 2 T X M \ {a } by 

is the same as that of S x , because for every half-line, D C A 2 T X M. \ {ctq}, D 
cut S x in a single point. 

We show that gp^(S') a manifold embedding and convex. For L 2 is a strictly 
convex function, thus the Legendre transform 

d{L 2 ) . A 2 T • M _^ a 2 t:m 



dL 2 



(y) 



dyot 

is a global homeomorphism, for L 2 is of class C°° over A 2 T X M \ {a } thus 
L 2 : A 2 T X M \ {cr } — > A 2 T*M \ {a^} is a diffeomorphism, for S is a 
submanifold embedding, thus 0^(S X ) is so. Or |^ \ Sx = 1L-^ \ Sx = 
2gp^ \s x (because Vy G we have L(y) = l).On denote by 

B x := {y G A 2 T x M\L 2 (y) < 1} 
Show that -J^{B X ) is a convex set. Let Po,Pq G -J^{B x ). Show that 

Vt G [0, 1] iP + (1 - t)i^ G ^ (B x ) 

We have Po,Pq G (B x ) so there exist yo,y' G Pr such that Po = 
ap?(yo) and = ^p(y' ) or P x is convex, thus ty + (1 - t)y(, G P x => 
L(ty + (1 - %o) = 1 and since ^ : A 2 T^ \ {a } — > A 2 T^ \ {<r *} is 
a diffeomorphism, then there exists an unique Pq G A 2 T*A4 \ {o~q} (so 
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there exists a unique j/q € A?T x M \ {(Jq\) such that tgp^(yo) + (1 — 
t)-^(Vo) = P o '■= ^>(y'o) and since L homogeneous of degree one, thus, 
Vy € A 2 T x A^\{cjo} it exists an unique A > such as L(\y) = 1, so A = jjTjrn 
which gives j^y'J € B x . Then t$fr(y ) + (1 - t)^(^) = ^(l/ff) = 

^p? (w 7 )^') e ap?(^), which shows the convexity of -^(B x ) thus 
df^ = 5a; is a convex surface . □ 

d 2 (L 2 ) 

Remark 1.12. If d p^'p' > ^, then N x is topologically a sphere in 
A 2 T*M, for all x € M. 

1.3 Application 

Let the 2-form 9 = pudx 1 A dx 2 + P2zdx 2 A dx 3 + P3idx 3 A dx 1 on A 2 T*M, 
then 

d0 = c/pi2 A dx 1 A dx 2 + dp23 A dx 2 A dx 3 + dp^i A dx 3 A dx 1 , 

We have # is a multisymplectic form on A 2 T* M, and dO\j^ is a pre-multisymplectic 
form. 

Theorem 1.13. We have E C .M a critical point of J TS L if and only if the 
image o/TE by the Legendre is a surface in M such that 9\j^ = 0, otherwise 
§§(TE) C (TV; 8 if we denote by 

(3 = Pa^dx a A dx 7 = 9 \m 

a<7 



then. 

c{ & = L 

where T := §§(TE) C AT. 
Proof Easily we can see that 



£(S)=/ p=U (3) 



# = "o — Todx A dx z + — jrrdx^ A dx 11 + — r-dx" 1 A dx 1 = £(x, y), 
ay / ay iz: ay^- 3 ay 111 



thus 



C ^ Its 6 Itz (dy) 9} 
since ^ |te is an embedding, we get 

£(s)= f (*L\e = f o= f 

JTT,\dy ) J^cm Jr 



□ 
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1.4 Comparison with graphs 

Let M = R 2 x R and £ be the graph of a smooth function / : IR 2 — >• R. 
For (x,y) = (x 1 , x 2 , fix 1 , x 2 )) <G £, the tangent bundle T^^S is generated 

by 

( 1 ^ 

ui = and u 2 

We have 

( d df d \ f d df d 

ui A u 2 = — r + o J A - ? + 




^Ox 1 dx 1 dx 3 J \dx 2 dx 2 dx 3 

^_ A — f — A — ^ - f — A — 

dx 1 <9x 2 Sx 1 ydx 2 <9x 3 / <9x 2 \dx 3 dx 1 

Denote y 12 = 1, y 23 = and y 31 = -J^. Let F{x l ,x 2 , f ,df) be a 

Lagrangian density such that the action over an infinitesimal square dx 1 Adx 2 
is F(x 1 , x 2 , f, df)dx 1 A dx 2 . Then there exist a 2-form areolar action £, such 
that for any surface S C t 3 , we have 



/ F(x\x 2 ,f,df)dx 1 Adx 2 = £(£) = I 
Jn J j 



£. 

TE 



Indeed, if (ei,e2) is a basis of E 2 and (ui,u 2 ) is a basis of T X T>, then the 
infinitesimal action of F on the parallelogram generated by (ei,e2) is 

F(x 1 ,x 2 ,f,df)dx 1 Adx 2 (e 1 ,e 2 ) = F(x 1 ,x 2 J,df)dx 1 Adx 2 (u 1 ,u 2 ) = F(x 1 ,x 2 ,f, 

If we want 

^2 £ a p(x,y)dx a Adx l3 (u 1 ,u 2 ) = ^ 4/?(x, y)y a/3 = L(x, y), 

l<«</3<3 l<a</3<3 
then, we have 

l<a</3<3 ^ l<a</3<3 

Ci nf , p 2/ 23 _ df y 31 _ df ,1 

bmce, ^ - -gp-, ^ - -qjz, then 

/ y 23 y 31 

L(x,y)=y 12 F^x,/,-^2,-^2 

Remark 1.14. The generalization of the above formula to hypersurfaces in 
a smooth manifold M. of dimension n yields 

(y2...n yn\...n-2 
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2 Formulation of the problem with a smooth sub- 
manifold of dimension p 

Let Ai be a smooth manifold of dimension n G N*, for all x = (xi, ...,x n ) G 
.M and p < n, then a basis of A p T!j;.M is 

d d 
A ... A 



dxll ••• dxH-j^ n< <ip < n 

Note (x,y) = (xi, x n , y %1 - %v )i<i 1 <...<i v <n the coordinates on A P D T X M \ 
{o"o}. Let E an oriented elemento in the tangent space T X A4. 
If (ui, ■■■,Up) a direct basis of E then we can assume that u\ A ... A u p G 
A p Tj;A^ \ {00} represents E, denote 

A P D T X AA := {ui A...Au p \(ui, it p ) direct basis of E, and oriented in T X A4}, 
thus for u G A P D T X M we have 

E., , d d 
y n-ip A A _ 
OX 11 OX l P 

l<il<...<i p <n 

Definition 2.1. For all x G Ai, we define the Grassmannian bundle by: 

Gr p Ai := {(x,E)\x G Ai, E an oriented element in T X M} 

Remark 2.2. We have 

Gr p M ~ (A P D T X M - {a })/R* 

Then the homogeneous coordinates on the Grassmannian bundle over .M of 
dimension p < n, are (xi, ...,x n ; [y ll - lp ]i<i 1< ... < t p < n ) thus, 

Gr p M := {{x;[y}) := [x u x n ; [y ll - tp ]i< ll <...< lp <n)|x = G Ai 

E= (y) = [y ll "' ip ]i<u<...<* P <n oriented element in T X M} 
with condition y l i...«fc...« fc /...« P _|_ yi\...i k i ...i k ... ip _ q 

2.1 Lagrangian formulation 

Definition 2.3. Let E x = (x,[y\) := (xi, x n ; ]i< 11 <...< lp <n) G 

Gr p Ai, we define a p-form areolar action £ on Gr p Ai by 

^(^>M) : = X] lt 1 ...i p (x,y)dxi 1 A ... Adxi p , 

l<il<...<i p <n 

where li x ... %v are homogenous of degree in y over ]0, +oo[. 



2 The element is a vector subspace of T X M. 
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Definition 2.4. Let a Lagrangian L : A p D T x Ai -fiasa smooth function 
on K P D T X M such as 

1. L is C°° over L : A P T X A4 \ {<7q} where <jq is the vanish section. 

2. L is homogenous of degree 1 in y on ]0, +oo[. 

Remark 2.5. For all x G 7W, if (ui,...,u p ) is a direct basis I&j G Gr x A4, 
then L(x,ui A ... Att p ) represent " i/ie infinitesimal volume action" formed 
by j> vectors iti, u p . 

Let ...,6* p ) be the dual basis of (ui, ...,u p ), we define 

C(GrPM):=[ L(x, u\ A ... A u p )6\ A ... A 6> p . (4) 

JTGrlM 

If we have i n ... tp = g y ?^..i P with 1 < ^l < ... < ^ p < n, then for the Euler 

formula we have £i<,!<...<i,<n dy n L , p dx ll A...Adx lp = £i< n< ... <lp < r A...%Aw A 
... A dx lp thus 

t(x-M= Yl ( dx * A...Acfe lp ® — ^ J J 
l<H<...<i p <n ^ y / 

= > t; dx„, A ... A dx,„. 

l<il <...<i p <n 

Then £ 1<n< <Jp < n (dx n A ... A <ix Jp ® dy ii...i p ^ is the canonical operator 
(AgT.M)* — >■ A p T*.M, thus we write 

*fo[l/]) = (dx tl A ... A dx lp ® \ — 1 

l<ti<...<i p <n ^ y / 

Let L be a Lagrangian, thus we can write the action (J4]) , 



C(GrlM):=l 1=1 £ ( ^ A ... A dx lp ® ) _, dL. 

\TGrlM JTGr^M i< J:L <...<ip<n 



Definition 2.6. A critical point of C if and only if, for all compact K C 
M, K fl Gr x M is a critical point of CK{Gr x M) := J^-i (K)nTGr p M^ 
where ttgtpm '■ Gr p Ai — > M is the canonical projection. 
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2.2 Legendre transform-Hamiltonian formulation (multisym- 
plectic) 

We consider the Hamiltonian function 

H(x,P)= ]T Pll ... ip y n - 1 * -L(x,y) 

l<ii <...<i p <n 

where j£j(x, [y]) = ( q ^..p (x, y) ) is the Legendre transform and y 

y v * ) %\<...<i v 

is a solution of [y]) = p w ... v (z, [y]). 

Since L is homogenous of degree 1 in y on ]0, +oo[, then by formula Euler 
we have 

dL 

l<ii<...<2 p <n 

we conclude that the Hamiltonian % vanishes. 

Proposition 2.7. We consider L : A P - ) TA4 — > M, a Lagrangian nondegener- 
ate, then the image of Legendre transforml := {(x,p) € A p D T*M./p ll ... lp (x, [y]) 
Qy^.zp (x, [y]),y G A^T.M} is a regular hypersurface and convex in A P D T*M. 

Proof. Same proof of (jl.lip . □ 

On A P T*M, we define the p-form 9 by 

9 = P n ...%pdx xi A ... A dsc^, 



Remark 2.8. 9 is a multisymplectic form on A^T*M and d$\ x 

is a pre- 

multisymplectic form. 

Theorem 2.9. v4 critical point of § TGr vj^ L if and only if the image by the 
Legendre of TGr p M. is a vector subspace in M., such that 9 \x is vanishes. 
If 

P = 9\ x andT := — {TGr p M) C 1 

then 

C(Gr p M) = f P= h. (5) 

Proof. See proof of (1.13). □ 
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2.3 Comparison with graphs 

We will take M = W p x W l ~ p and T the graph of smooth function / : 
R p — >• ]R ra_p . Denote [ql := \<i< p > i n a neighberhood of a point 

l<J<n— p 

x = (xi, x p , f\, fn-p) £ r the tangent bundle T X T is generated by 



u 



( 1 \ 






9h 

dxi 
dh 
dxi 



9 fn-p 

\ dxi I 



,U 



( o \ 
1 





8x2 
dfr 
8x2 



9 fn-p 

\ 8x2 I 



( \ 





1 

&h 
qh 

8X V 



9fn — p 

dx v 



so that 







Ul Au 2 A...Au p = I — + 



dfi d 







]=p+i 



dxj-pdxj j \ dx2 dxi-„dxi ' 



]=p+i 



Vj-p ■ 



9 | d fp 9 

9x P j=p+l 9x 3~P dxj 



* i 9 9 



dx. 



dx. 



l<H<...<«p<n 

with c 1 '" p = 1 and c ll '" lp (where i\...i p / l...p) are functions which can be 
computed, and which depends on (j%f^ 1<%< P • ^ n particular, we can show 

l<j<n— p 

that 

r c u -p = i 

\ '~~~~iij~jr~~ = for 1 < i < p, 1 <j <n-p 

We suppose y ll -%> = c n "- l p, (ei, e p , e p+ i, e n ) is a basis of W 1 x IR n ~ p 
and («!,..., Up) a basis of T x r. 

If F(x±, x p , /i, f n -p, V/) is a Lagrangian density, then its infinitesimal 
action over the parallelepiped generated by (ei, e p ) is 

r \X\, X p , 

fi, -, /n-p, V/)dxi A ... A dx p (ei, ep) = 

x p , /i, /„_ p , V/)dxiA...Adx p (ui, Up) = F(xi, x p , /i, / n _ p , V/)y 1 - p 
But we ask that this precedent egality is equivalent to 

[y])(ixiA...Adx l _iAdx 4+ i...AdxpAdxp +J (ui, 

i<i<p 

l<7<n— p 
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£ h..,-U + l... pp+J (x, [y])y^-W~M = L( X , ^W-H^) 



l<«<p 
l<7<n— p 

then 



L ( r in = U _±L l...i-H+l...pp+3 

M x > [yj; q i...i-n+i...pp+ 3 y 



i<«<p 

l<j<n— p 



i<*<p 

l<j<n— p 



thus 



/ /„l....-l.+l...pp+j\ 



i<«<p 

l<J<n—p j 
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